Journal of Statistical Physics,Vol. 50, Nos. 1/2, 1988

A Thermochemical Instability.
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The behavior of coupled stochastic fields near a cusp bifurcation is studied. The
results are applied to a thermochemical model and the possibility of observing
nonclassical critidal behavior is discussed.
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1. INTRODUCTION

We study the behavior of coupled stochastic fields ¢,(¢, r) near a simple
instability of their evolution equations. The situation is that in which the
matrix associated with the linearized problem has one simple eigenvalue
zero, while the others have negative real parts.

In Section 2, we treat the problem in detail for the case of two fields
and indicate the generalization to # fields, which is direct. We show how to
eliminate the “noncritical” fields and reduce the problem to a simple model
which gives the behavior of the critical field near the instability. This
problem is nontrivial: it depends on the dimensionality of the system. For
example, for the simple situation in which only the homogeneous steady
state becomes marginally stable (cusp bifurcation), the adiabatic
elimination can only be performed for dimension d= 3. In this case, we
recover the Landau-Ginzburg potential for the critical field. For d< 2, our
method does not allow to eliminate the noncritical fields.*
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In Section 3, we apply these results to the study of a thermochemical
model, considered previously by van den Broeck, in the absence of
diffusion (zero-dimensional case). We determine explicitly the coefficients of
the Landau—Ginzburg potential in terms of the variables of the problem
(temperature, activation energy, etc.) and we evaluate the width of the non-
classical critical region by applying the Landau-Ginzburg criterion.

Finally, we summarize in the Appendix the functional integral for-
malism for stochastic fields obeying Langevin equations.®® This is done to
make the paper self-contained and also because we felt that a simple and
direct presentation of the results we needed here was not readily available
in the current literature.

2. ADIABATIC ELIMINATION OF THE NONCRITICAL FIELD

We consider the stochastic fields (4,(¢, 1), ¢,(t, 1)) in d-dimensional
space, r = (ry,..., ¥;), obeying the coupled Langevin equations,

él(t,r)} 2 [45 ] I:G—I:I [ﬂ]

, Lo+ DV?) +| = I+ 2.1
[¢1(la r) (Lo 2 G, /2 1)
In (1), L, is a (2x2) real matrix of elements L; depending on a set of
parameters {u,} and D is a diagonal diffusion matnx of elements D4,
D,;>0, V*is the d-dimensional Laplacian V*=4,0,, 8, =8/or,, G, are the
nonlinear terms.

Y bi.ties j=12 (22)

m+nz2

and f(1, r) is 2 Gaussian noise (white in time) with
{fe) filt, 1)} =by (1 + 5V 8D (x—1') (1 — 1) (2.3)

Here b, is a constant positive matrix, 5 a negative constant, and 6'“(r —r’)
the d-dimensional d-function.

Let us suppose now that for the values {f,} of the parameters, L, has
an eigenvalue zero with multiplicity one and a second eigenvalue ( — 1) <0,
ie., we have det Lo({fi,})=0, Tr Lo({i,})<O.

If A’ is the matrix that diagonalizes L,(ji,), one has at this critical
point

[0 S leasav[plealg] 7] e

where ;= A;4,. For values {y,} of the parameters near the critical pomt
{f,}, we denote by (—4) the smallest eigenvalue of L, ie., 6=35({y,})
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and §( {ﬁa}) 0. Then, to first order in 8, a matrix 4" = A"+ O(5) will
diagonalize L,, and putting now ;= A! 79;, we have

=L Sliifeaoaw fen (G o [7]

. — + A//DA// V + A// _ + A//

[l//’z 0 —AiLys ¥ G /2
(2.5)

with A"= A+ O(J). We suppose that in the space of parameters there is a

domain 4 in the neighborhood of {f,} where one has § > 0. Taking the
Fourier transform of (1), we see that the ass001ated linear problem is deter-

mined by the matrix L =L,—Dp? p*=p’+ --- + p3, and one has
det Lp=det Lo—pz(Dlez+D2L11)+p4D1D2 (2.6)
Tr L,=Tr Ly—p*(D, + D,) (2.6')

If we consider the situation where

we see that in the domain 4 all modes will be stable, since Tr L <0 and
det L > (. Moreover, when 60— 0% the only mode with zero elgenvalue
will be the one with p?=0. Let A(p*)=A"+ O(p?) be the matrix that
diagonalizes I:p in the domain we are considering; then we obtain from
(2.1) for the fields y,= 4,(V?) 4, the following equation:

W B [ o +: . — [ +0h2(V2)]Hj

G /i
+ A(V? [-1]4-/1 \% [ ‘} 2.8
V°) G, (V*) 7, (2.8)
where #,(—p?) >0 and A’ + hy(—p?)>0.
Putting G,= A(V?); G,, one has
Gi= Y a,ym; (29)

m+nz=2
with
a,, = ak, (V) = d.,, + 0(8) + O(V?)

where a’,, is the coefficient of Y7y} in G;=A4,G,. The new white noises
fi= A{Vz) - f; have the following correlation functlon

{(file, ) f(7, r’)} =by[1+b(V*)]6Yr—r')o(t—1) {2.10)
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where

by=by+0(),  by=Aydib  BV)=F b, (V)

nxzl

We conclude that the set of equations (2.8) takes the form

[Iiii r;] - [* R [ +0h2<V2>]Mj * [g} ¥ [ﬂ
2.11)

and we shall study them for  —» 0*. We note that the original problem of
Eq. (2.1) in the vicinity of {f,} corresponds to the loss of stability of the
homogeneous solution ¥, =0. If we can realize the cusp bifurcation (two
new real stable solutions appear after crossing the critical point é =0), we
must have a}, =0, ie., in the equation for the critical field , the nonlinear
term in 2 has a coefficient O(d), which means that we are now studying an
instability of codimension twa.

We can now use the results of the Appendix to write down the
generating functional of correlation and response functions [see (A36)]:

Z[J, 3%] =j Py I exp zf dr j dr {H,(l/}l(t, r)

y1(0)
+ [0+ h (V)1 + IL, + [V +hy(VH ] ,)
-, Y a,yn;

m+nz2

b+ BV I I+ T + J;:nk} (2.12)

The perturbation expansion of Z[J, J*] can be obtained as explained in
the Appendix. The propagators [see (A40), (A41)] are (4, =0, 4, =41")

; 1 biull+b(~p*)]

_ 2.13
A ) = o T (o T+ I~ T Ho— i —p1] &)
St B)= 5 = 1 (214

Q2r)** o + i A+ hi(—p*)]

and in the calculations the w integration is to be done first by the residue
theorem. We are interested in the long-distance behavior when 6 -0, ie,,
in the small p? region, and in this limit we only keep the dominant con-
tribution to (2.12). We can then make the following replacements in (2.13)
and (2.14): the numerator of (2.13) is replaced by by, [1' + hy(—p?)] by 4,
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and [8+Ah,(—p*)] by (6+ Dp?). In the denominators (w+ii) we also
climinate the w dependence, replacing it by +i4, which amounts to sup-
pressing in (2.12) the term I7,1/,. We can now eliminate the couplings that
give finite contributions (nondivergent when 6 - 0%} at each order of the
perturbation theory. By power counting, we see then that we can replace
ak, by a*, and keep only the linear terms in y/, for dimension d > 2. Since
we are interested in the critical fields ¥, and I7,, we put J,=JF =0 and we
do the ¥, integration. This gives a functional J-function,

5[172 (l_ Z afm'/’in)_nl Z a}nlwran (2.15)

which allows us to eliminate I7, by integration
I = A" [aj i+ (ab + A7 lag a3, i+ -] (2.16)

The terms by, 11, IT, and b,,(11,)* in (2.12) will generate couplings 173y,
m 2 1, which are not relevant (give finite corrections for 6 »0") for d>2

and can be dropped. The final result for the generating functional
Z[J,, J¥]is

zL,, 711= o, 0121, exp i [ ar [ arl01,9,+ (65— DV?)
71
+ 301 I — I (b} + by} + byt + )+ Y + T ]
(2.17a)
with
by = ay, by=aj,+ 4 'ajay
by=4""[a} a3+ (a), + 4~ 'aj,a};) ady] (2.17b)
and so on.

By power counting, we can see from (2.17a) that the critical behavior
will be determined by the coupling b, /I,y for the lowest m with non-
vanishing coefficient b,,. The cusp bifurcation appears here as a codimen-
sion-two instability when b, =al,=0(d) and b;<0. Then the dominant
term near the critical point 6 =0 will be b,/1,,*> and we have the well-
known behavior of the * model with stationary probability®)

1 -
Pst[lp[]=exp—afdr[1)(vm2+5¢2—%¢J (2.18)

If the original problem [Eq. (2.8)] has the symmetry ¥, — —y,, the coef-
ficient b, vanishes identically and the cusp bifurcation has codimension
one.

822/50/1-2-29
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The generalization to »n fields is straightforward. Now in (1),
& =(¢1, 5, d,), Lo is an (nxn) real matrix, and we suppose that at
{f.}, Lo admits an eigenvalue zero of multiplicity one and n~1 simple
eigenvalues A; with negative real parts. Instead of (2.6) we have

n—1

det L,=det Lo+ Y, (p*)" o,,(D;, Ly) +(—p*)" D, D,---D, (2.19)
m=1

and condition (2.7) will be replaced by the »—1 inequlities «,, >0 if # is
even, o, <0 if n is odd. The rest of the analysis is the same.

3. APPLICATION TO A THERMOCHEMICAL INSTABILITY

Let us now apply the results obtained in Section 2 to a thermo-
chemical instability, which was previously studied by van den Broeck.® In
the latter paper, the system was considered to be perfectly homogeneous.
However, even in a well-stirred chemical reactor, concentration and
thermal diffusion have to be taken into account on a length scale
smaller then the Kolmogorov length, characterizing the size of the smaller
turbulent eddies. Our model equations are therefore those for the
homogeneous system, suppiemented with thermal and molecular diffusion:

0, x= —kx—a(x—x,)+D,Vx+ F,(t,r)

3.1
0, T=rkx~pB(T—T,)+ D, V?T + Fy(t, 1) o

where x(t, 1) and T{(z, r) are, respectively, the concentration (in mole/cm?)
and temperature at the position r at time ¢, k(7) =k, exp(— U/kg T) is the
time-dependent rate constant of the exothermal chemical reaction

X% A+4H (3.2)

r is the temperature increase per mole, and D; and D, are the concen-
tration and thermal diffusion coefficients respectively. The terms o(x — x,)
and B(T—T,) represent the decay of the long-wavelength perturbations
due to the coupling with the externally fixed reference concentration x, and
temperature 7,. The decay of the short-wavelength inhomogeneities is
described by the molecular and thermal diffusion contributions D; V2x and
D, V?T. Such a phenomenological decomposition into long-wavelength
decay incorporating boundary effects and short-wavelength contributions is
very analogous to the decomposition of the pressure drop through porous
media as the sum of a viscous term (—# V?u) and a term — Bu representing
in a phenomenological way the effect of the boundaries (Darcy’s law).*)
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Note that the term —a(x—x,) can also be thought of as representing a
linear chemical reaction

ki
X==B (3.3)

k2

with k, =« and k,b=ax, (b is the constant concentration of species B).
The quantities F, and F, represent the effect of the noise associated with
the dissipative processes that take place in the system. As is usual,® we
suppose that they are Gaussian white noise fields with mean value zero and
correlation®”)

{Flt, ) F(t', X)) = by 6(r—1') (1 = 1')

o 0 , ,
+255;Dk5,§;5(r—r Yo(t—1¢') (34)
The coefficients b,, are supposed to be constants, and can be roughly
evaluated by considering the chemical reactor operating under equilibrium
conditions and applying the fluctuation-dissipation theorem. For instance,
b,, can be evaluated by considering the chemical reactions (3.2) and (3.3)

operating under equilibrium conditions in an isolated reactor. One finds
bi=(1/Na)k+a){x)* (3.5)

The concentration is expressed in mole/cm® and N, is the Avogadro
number. Our control parameters will be the concentration x, of X in an
external reservoir supplying X and the external temperature T,. The
homogeneous stationary state (x,,, Ty,) is

ax,

xs‘zk(T,)+oz

(3.6)

AT Te,xe)szt—Te—ﬁ—?]%zo (3.7)
We shall be interested in the critical stationary state (x¢, 7¢), which
satisfies in addition to (3.6) and (3.7) the conditions

S(Te T2, x0) =0, f(T5, T2, x2) =0 (3.8)
where primes denote derivatives with respect to T, and we have written

(x¢, T¢) for the values of the external parameters at the critical point. The
four equations (3.6)-(3.8) determine (x¢,, T5, x¢, T¢) and we see then that

st? < st?
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we are in a codimension-two situation. These four equations can be written
as follows® [k, =k(T<)]:

xg/x= /(v —2) (3.92)
To/Te=y/(y—2) (3.9b)
afk.=y(y—4) (3.9¢)
Blk.=py/4 (3.9d)
where
p=r;f§, VzEUTE’ k.= ko exp (- kBUT;) (3.10)

Clearly, these equations can only be satisfied for y>4. Let
Xq=x4+Ax, =TS + AT be the stationary state corresponding to the
values (xS+ Ax,, TS+ AT,) of the parameters. We choose to approach the
critical point (x¢, < T¢) along the line

AT, 2 4x,_
Te "y-2 xi

(3.11)

in order to realize a cusp bifurcation. Indeed, one has along this line that
AT, satisfies the equation®

AT, (AT, 1 AT\
—(v=2 =0 3.12
m[ﬁ+dy)<m> (3.12)

Putting
x(8, 1) = x5 + Ax, + 0x(t, 1), T(t,x)=T5+ AT+ 8T(t, )

we obtain from (1) for dx and 47T the equation

0x(t, 1) 2 63‘] . [Fl]
B = 13
a’[éT(t, r)] (I'+ DV )[57, + nonlinear terms + F (3.13)

where

F:

I:_[k(Tst)+a] —kl(Tsl) Xst ] (314)

rk(Tst) rk,(Tst) xst_ﬂ

and D is the diagonal matrix 15,-,: 0;D;. One finds along the bifurcation
line (3.11) that

2 P70 —2)* AT,

det Fr=k>————
© < 4(y—4) T

(3.15)
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clearly, det I'= 0 at the critical point (x¢, T°) and Eq. (3.13) takes the form

11, 1) N 61 [f]]
d, [¢2(t’ " :I <L0+ \% >[¢2] + nonlinear terms + 7 (3.16)

ox oT Fy
= =T7e fi=

where

. F
hm’ﬁ_hm

and

ioz[—zw—sz—4) —W—Zi] (3.17)

p/2 ply —4)/4

We place ourselves now on the bifurcation line (3.11), where only one free
parameter remains, which we choose to be A7,. There is one vanishing
eigenvalue [ —38(4T,)], which vanishes for 4T, — 0, and a second (—4'),
which remains finite in this limit.

One has [A' =4+ 0(d)]

y—2 y—4

< _,r—7 1
A= 2 —2 73 (3.18)
Mww—2)dﬁ
=200 27 3.19
A 4(y—4) T¢ (3.19)

and the condition >0 imposes y < d4p~'(p+1)+ (p+1)*]. The matrix
A that diagonalizes L, is

:[ 1 #V-ZVMV—4q
2/(y—4) 1

and near the critical point {77} one has for y,= Ay, A'= A+ 0(5),

-0 Sl gamvl]

(3.20)

Wy —4) A
+Z[p/2—2(y—4)] 4 [f] (320
where
3. A3
Z= -E—Q—‘z—)‘l/’f"'azo‘ﬁ*‘an'/’l‘//z*‘aozkb%‘f‘ (3.22)

964>
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with a,,= 0(8), since we are in a cusp bifurcation. In the notation of
Section 2 one has

. py(y—2)°

Ay = —m+0(5) (3233)
, PPG=2(p 2
ay = (E—y—4)+0(5) (3.23b)

Condition (2.7) is here

—4)?
D,—p,20=Y 4 (3.24)

8(y—2)

and it guarantees that for 6 >0 all modes will be stable. If (3.24) is
violated, ie., if D, L,, + D, L, = o becomes positive, then we see from (2.6)
that at § =0 all the modes with p? between zero and

o _pk(y—4) [1 8(y ~ 2)2D J 0 (325)
D,D, 4D, p(y—4)"D

become unstable and we cannot apply the results of Section 2. If (3.24)

holds, then we conclude that the behavior of the critical field y, will be

determined by a reduced model with generating functional Z[J,, J¥] given

by (2.17). The parameter 8 is defined in (3.19). For the other parameters D,

b;, and b,; one obtains

D=<A—D-A“) 126 2)[1) _p, 04 4)]>0 (3.26)

T kLI —=4) 185 =2)

2 Py -2 —4)
== 0 2
b= I BG-2) o —arT (3:27)
buz—b-”—z 2 (3.28)

kc(xgt)z NAx:t

The reduced model corresponds to a Langevin equation
31 =(~0+ DV )Y, +byy3 + fi(t, 1) (3.29)
with

{fi(, 1) [t 1)} =byy 8k (1~ 1)) 6x — ')
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The Fokker-Planck equation corresponding to (3.22) is
0
— -
a1 plyy, ¢l

~ a2 {005+ DV 0= b 0]

by 6
u_©° oyl 3.30
W)}pw t]..] (3.30)

The stationary probability p,[v,] corresponding to (3.30) reads

patidmexp ([ {3 ] w4 gmeut) ) Gan

4. THE GINZBURG CRITERION

In order to estimate the range of validity of a mean-field type of
approximation, we use the Ginzburg criterion.” In terms of the
parameters 8, D, b,, and b,,, the condition for observing nonclassical
critical behavior reads

3b,, 104 L2 I'(e/2) (é)d/z—z> 1
D, € D

(4.1)

where d is the dimension, d =4 — ¢. Combining this result with the explicit
expressions (3.13) and (3.26)}—(3.28), one obtains the following delimitation
of the region characterized by nonclassical critical behavior:

AT, p(y—2)(y —4)* [(E)” 1 ]2 42
G- p( 4T N, 42
with
ply—4)°
K=D, DIS—(’})—-_2)>O (4.3)

As expected, the vicinity of the critical point where nonclassical critical
behavior will be observed becomes smalier as the “noncritical” correlation
length

l.=(K/k )" (44)
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becomes larger. The difficulty of observing nonclassical critical behavior in
nonequilibrium transitions has been associated with the fact that this
length is typically much larger in the case of nonequilibrium. systems.
However, in the case of chemical nonequilibrium instabilities, it was argued
that the large variability of the chemical rate constants makes these systems
the best candidate for the observation of nonequilibrium nonclassical
indices.®) This same remark seems to apply to the presently discussed ther-
mochemical instability: for a large value of k_, the correlation length /. may
become comparable to atomic distances and nonclassical critical behavior
is expected.

In addition, the result (4.2) suggests that one can markedly broaden
the nonclassical critical region by considering reactions with a large specific
heat of reaction, thereby increasing the value of p. Both these arguments,
however, present serious drawbacks. First, it follows from the result (4.9d)
that > pk. (since y > 4). Hence, a large value of k. and/or of p implies a
large value of B, which seems physically unattainable. Indeed, we have not
been able to construct a simple internal temperature control device similar
to the reaction scheme (4.3) for the concentration control. The parameter f
thus cannot be associated with a chemical rate, but it represents a much
slower rate describing the decay of the long-wavelength temperature
inhomogeneities through thermal coupling with the boundaries, which are
kept at a constant temperature. Second, the region in which a cusp bifur-
cation occurs without the interference of other instabilities becomes very
narrow as the value of p increases {4<y<4p '[p+1+(p+1)"*]}, so
that it seems very difficult to exploit the p° dependence in order to promote
nonclassical critical behavior.

5. CONCLUSION

We have investigated the critical behavior in the vicinity of a non-
equilibrium thermochemical instability for the simple case of a cusp bifur-
cation in a crude model [Egs. (3.1)] of a linear exothermal reaction. The
width of the nonclassical critical region is found to be proportional to the
sixth power of the chemical reaction rate k. and to the fifth power of the
heat of reaction. Although large values of these parameters are possible,
one cannot exploit this feature to propose a thermochemical experiment in
which nonclassical critical behavior could be observed. First, for large
values of k. and p the critical point lies in a region of parameter space that
is unattainable for practical purposes (e.g., large values of the temperature
coupling constant f). Second, for these values of k. and p, other
instabilitics (such as a transition to a limit cycle behavior) will interfere
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with the cusp bifurcation. It remains to be seen whether these difficulties
are inherent to the specific model discussed in this paper and can be sur-
mounted in the case of more complex thermochemical systems.

APPENDIX

For simplicity, we explain the method in the case of one degree of
freedom (for more details, see Ref. 3). Let ¢g(¢) be the continuous Markov
process, obeying the following Langevin equation:

g(1) + A(q(1)) = f(1) (Al)
where f(¢) is a Gaussian white process with
{f(n}=0, {ff()}=coz—1) (A2)

The bracket {-} stands for the average over the different realizations of f.
The solution ¢”(¢) of (A1) is a functional of £(¢). Let us discretize the
interval [7,, T] in N+1 intervals of length ¢, t,=14+je, j=0,., N+1,
tng1=T.
Setting g, = ¢(¢;) and

1y
fi=3 ] s

[to be more rigorous, one should replace &f; by dw,=w; —w;_ |, where w(t)

is the Wiener process®’], one finds for the discretized version of (A1)

q/—q] , .
’—8’—+A(qu_l)=jj., I<j<N+1 (A3)
This set of equations give us recursively ¢/ in terms of ¢/_;. We will take
the intial condition g4 = Q,. Note that the f;, j=1,.., N+ 1, are indepen-
dent Gaussian random variables with joint probability distribution W

given by

N+1 £ 1/2 £ jz A
124 = — Y

U ot =TT (55) ow(=%) a9
Let F{q’(¢)] be a functional of ¢/(¢), hence of f(¢). Its discretized form

is a function F(g{,.., ¢4 ,)- The values ¢/ are determined by (A3); hence,
one can write

F(q§ss a1 1)
N+1 N+1

= [ T da, TT 84,/ 1 +24(q,- ) — &) 6(40— Qo)
i=0 j=1

+F(q0r"’ qN+1) (AS)
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We remark that the Jacobian |det (0g,/0g,)| that should appear in (AS) is
one, since we have discretized A(g(¢)) as A(g;_,), ie., in the prepoint.
Using 6(x) = (1/2x) | dp e?*, we can write (A5) as

N+1 N+1d N+1
J L da.] 11 Pexpi{ Y (P4, 4,1+ sdla, )~ of]]

x 6(qo— Qo) F(‘]o,u-, qn+1) (A6)

where we have used d(x)=(1/2n) | dp e®*
From (A5) and (A6) we can write symbolically in the limit N — oo

Fl/01=|  Fqapexpi| dipla+Ala() - f0)]

71(0)

x d(q(to) — Qo) FL4(1)] (A7)

The functional integral in (A7) is defined as the limit for N - oo of the
discretized form (A6). Note that the discretized form of p(¢) 4(q(¢)) is
p;A(g; ;) and we call this the prepoint discretizaton, indicated by the
symbol 7,(0).®

The next step is to evaluate the average of a functional of f over the
different realizations. This can be very easily done using the discretized
form (A6) for a functional and the simple Gaussian law (A4) for the
random variables f;. Using

) 1 x? 1., .,
Jexp(zkx)mexp<— 5?) dx-exp(—ik g > (A8)
one obtains
{F(qg""’ Q§+ 1)}

—J.Nﬁld JN+1dpJ

xexpi[i p,—(q,-—q,-_l+sA(\qj_1))-ef}]

=1

% 6(q0— Qo) F(‘Io,---a dn+1) (A9)

The result (A9) gives us in principle the solution to our problem.
Unfortunately, in general the integrals cannot be performed, due to the
nonlinearities in A(g;) and due to the presence of F, and we have to use a
perturbative approach.
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We write A(g;) = Ag;+ A(g;), where A(q;) is nonlinear in g,. Further-
more, the problematic terms can be taken out of the integral in (A9) using
the standard trick

[ 79 g9y dg = [ £l9) glg) ¥ dgl,_q
1o :
~7(35) [ stare® dai, (A10)
idj
One has to perform this trick on both the p; and g; variables. We thus

obtain
{F(gdr ¢hs 1)}

~/1 0 1 9 )
PEIARE YT

”1

T 0 7(L.9 Zo(J, IJ* All
A S E]
13 e"p[ aT* (igajjlﬂ o, d%)) - (ALD
with
Zy(J, J*)
N+1 N+1
P
= [ o] T 57
i=0
N+1
xexpi Y. I:pj(q] g, 1+eAg,_ 1)+ p]+8qu+sJ pj]
Jj=1
x [exp(iedog0)] 9(g0 — Qo) (A12)
Z, involves Gaussian integrals only, and can be computed exactly:
T
Zo(J, J*) = exp {iQo | dr' Texp A1, — )19
{0
T T 1
—f dt’J dr" J(t') [—A(t/, ") J(t")
Iy 4] 2
+S(t’—t”)J*(t”)J} (A13)
with
S(t)=iD(t); D(t)=0(t)e ™
(A14)

A, t”)—-——{D(t—t”)+D(t” r)y—exp[ —A(t' + " —2t0)]}
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In this way, the calculation of averages is reduced to the caiculation of
functional derivatives (or partial derivatives in the discrete form) of the
generating functional Z,. We can interpret this functional as the charac-
teristic functional for the linear Langevin equation:

4(2) + Aq(1) + J*(1) = /(2) (A15)

From now on, we shall use the more compact path integral formulation,
whose meaning is made precise by specifying the prepoint discretization
rule y,(0).

It is thus clear that the quantity J*(¢) can be interpreted as a time-
dependent external ficld. Note also that

ZLJ(e), I*(1)]
— lim ex frdz 0 2(1 2 Nz 01 (Al6)
smor P L By \Toany) o) (
is the characteristic functional for the corresponding nonlinear Langevin
equation [with Ag(z) replaced by A(gq(t))=/q(t)+ A(q(¢))]. The e>0"
comes from the y,(0) discretization and is necessary to define in an unam-
biguous way the action of the functional derivatives on Zy[J, J*]. As is
well known, the characteristic functional is also a moment-generating
function; e.g.,
{a(t))---q(t,) p(11) - p(1;,)}
_ 1 §"TmZLJ(t), J*(1)]
CmSJ(t) - - 8J(1,) 8T*(th) - - 6T*(1L,)

(A17)

J=J*=0
For example, we obtain in the case of a linear Langevin equation

82 .
{q(1)) q(1))} .= -mzo[f(t),-l ()] e
=Q¢ exp[ — A1, + 1, —2t5)1 + 4(¢,, t,) (A13)

a result that can be obtained straightforwardly from the Langevin equation
itself.

Often, one is interested in the long-time results only. This can be
achieved by letting the initial time ¢, go to —oo. Since T > ¢, is arbitrary,
we put T'= +o0. In many cases, the system will reach a stationary state
characterized by properties independent of the initial condition Q. In this
case, the generating functional takes the following stationary state form Z*":

Z (1), J*(1)]

; oo 1 i 1 st %k
- expzf_w Nt (755(7)) Za[J(1), J5(1)1  (A19)
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with
Z5[J(2), 7(1)]
= exp {—fj: dar J:r: dr"
X 4—2 JEWD( — "y + D" — ") J(" Y+ iJ(¢') D(t — ") J*(t”)}
{A20)

We make here some remarks concerning our use of the prepoint dis-
cretization y,(0). Indeed, any discretization can be used and the final result
will be the same, as is shown in detail in Ref. 8 (see also Chapter IV of
Ref. 3). For instance, if we use the y,(a) discretization, which discretiezs
A(q) as A(g, ,+a(g,—q;_,)), the Jacobian involved in formula (A5),
which was unity in the y,(0), case is now

04 r . 04(q(1))

— dt ———=~
exp & ; %, —expa f . o
This changes then in formula (A.7) the argument of the exponential to
p(G— A(g) —ia 0A4/0q), but at the same time we must change the prescrip-
tion (A.16) to

lim, iJT d ‘ p(t+e) A(q(t+¢) +alq(t + &) — q(r)) — i aA;Qq(l))
with
1 9 1
P(t)“*7m, q(t)—>7SJ_(t_)

and Z,[J, J*] remains the same. Then all the x dependence cancels in the
perturbation expansion, which is the same as the y,(0) one. Let us also
note that one should treat the white noise f(r) as the derivative of the
Wiener process w(z), which amounts to replacing f; by (w,—w,_;)/¢ in
(A3). This point is discussed carefully in Chapter VII of Ref. 3, where the
equivalence of discretizations is also shown.

It is straightforward to generalize the previous results to the case of a
set of coupled Langevin equations:

g (1) + A%(q(1)) = (1) (A21)
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with
{f{n0y=0 {1 f@)}=c"ot~1) (A22)
One has
T
Z[3,3*]1=| 2qopexpi| ar [pu(tJ" + 4%(q))
71(0) f
1
+3OBup, gt + I, | lalie) - 00
. T i
=exp zj dt p,A*(q) = (1)) 3/67% Zy[J, J*] (A23)
4] qu=(1/i) 8/8Jy
and
n T
200, 31 =exp {1 05[] dtexpligulto =11 -7,40)
n=1 10
n T
-, f de’ dr” J (')
wv=1"1%
1
X [E AR, ) JL(7) + S — t”):] J*V(t”)} (A24)
with
S(1)=164D (1), D ()= 0(r) exp(—4,y)
and
ct
A”V 14 " = t! _ " " . 14
(t',t") —_X(uﬁl(v) (Dt —1")+ D, (t"—1)

—exp[ — (At + Aet") + (A +4y) Lo} (A25)

The above techniques become particularly interesting in the case of an
infinite set of variables, i.e., in the case of stochastic fields

¢(t’ l') = (¢1(t’ l'),..., ¢m(ta l'))

in d-dimensional space r=(r,,..,r,) (we use the notations J,=0/or,,
V?=4,0,). All one has to do is to replace the index y in g*(r) by the pair
of indices (/, r), where [ is discrete, /=1, 2,.., m, and r is continuous. The
Langevin equations (A21) are now

o1, 1)+ A[($(2, 1), 0,4(2, 7)) = fi(1,1) (A26)
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with {f(z,r)} =0 and
{felt,0) i1, 1)} = c(V?) 8“0(r — ') 6(1 — 1)

where ¢,,(V?) is a matrix, which can depend on V? acting on the d-dimen-
sional é-function (r —r’).

Since u— (I, r), a sum over u will be replaced as ¥, -, | dr and
from (A28) we obtain

Z[3,J*] = f 2¢ 211,

71(0)

— 0

X eXp iJw dt j dr {Hk(t, )1, 1)
AL+ 5l V) (6 0) T )

+Jk¢k+J,’:Hk} (A27)

where we have replaced J,(1) = J(t,r), J**(t)—>JF(t,r), and p,(1)—
11 (1, r). In the discrete version of (A28) the measure is now

26=[][1de¢dt,,r), M= Hﬂdn’(
i Ly j ir

We put
Ap(d(t, 1)) = /l(k)(vz) ¢i(t, 1) + Ay (D)
x=(1,r1), dx =dt dr

The perturbation expansion for Z[J, J*] is

Z[J,J*] = lim exp ifdxﬂk(H-e, r)
0%

x A(9(x)) Zo[Jd, J*]

& = (1/i) 3/83(x)
L = (1/1) /53 *(x)

with Z, given by [see (A24)]

Zo[J, J* ] =exp— i '[dx dx"Jk(x)[ AM(x" —x"") J(x")

ki=1

By — J,*(x")}
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It is convenient to set up the expansion in terms of the Fourier transforms
A¥(w, p), S¥(w, p) of the propagators,

F(x) = | dp[exp(—ip-x)] F(p)

p=(w,p) P X=wi—p-r)
which are [see (A25)]

1 1
1 _ sl
Silew, p) 5k(2n)d+1co+i/1(1)(—p2) (A28)
I o~ %)
A, p) = : i _ A29
)= o To v (=) lo =g 9] D)
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